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Abstract
An element e in a 2-connected matroid M is contractible if its contractionM/e is 2-connected. The
existence of contractible elements provides a very useful induction tool. In this paper, we study the
distribution of contractible elements in simple 2-connected matroids.
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1. Introduction
An edge e in a k-connected graph G is contractible if the contraction G/e is still k-
connected (although it may no longer be simple). In graph theory, one powerful tool is
induction, that is, reducing the size of the graph while maintaining the connectivity. The
existence of contractible edges allows one to reduce the size of the graph while maintaining
the connectivity. Therefore it is very natural and important to study contractible edges and
their distributions. The distribution of contractible elements for k-connected graphs has
been studied by many authors (see, for example, [2,6]). An element e in a 2-connected
matroid M is contractible if its contraction M/e is 2-connected, otherwise, it is called non-
contractible. Contractible elements in 2-connected matroids are very useful in studying the
structure of the matroids (see, for example, [1,3,4]). In this paper, we study the distribution
of contractible elements for simple 2-connected matroids.
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Formatroid terminology not given in this paper, we follow [5].Amatroid is 2-connected if
and only if it is connected. Kahn and Seymour [3] and Oxley [5, p. 338] gave best-possible
lower bounds on the number of contractible elements in simple 2-connected matroids,
respectively.
Theorem 1.1 (Kahn and Seymour [3]). Let M be a simple 2-connected matroid with rank
at least two. Then M has at least |E(M)| − r(M) + 2 contractible elements. Moreover,
M has exactly |E(M)| − r(M) + 2 contractible elements if and only if there are lines
L0, L1, . . . , Lr−2 and an ordering of non-contractible elements x1, x2, . . . , xr−2 such that
(i) |Li |3 for all i in {1, 2, . . . , r − 2};
(ii) E(M) =⋃r−2i=0 Li ; and
(iii) Li ∩ cl(L0 ∪ L1 ∪ · · · ∪ Li−1) = {xi} for all i in {1, 2, . . . , r − 2}.
Theorem 1.2 (Oxley [5]). Let M be a simple 2-connected matroid. Then M has at least
r(M) + 1 contractible elements.
Our main result generalizes 1.2. In Section 2, we state the main results of the paper and
in Section 3 we give the proofs.
2. Main results
Suppose thatM is simple and 2-connected. LetT denote the set of contractible elements of
M. Theorem 1.2 shows that a simple 2-connected matroid has at least r(M)+1 contractible
elements. Our ﬁrst result characterizes all simple 2-connected matroids meeting Oxley’s
lower bound as outerplanar hamiltonian graphs.
Theorem 2.1. Let M be a simple 2-connected matroid with at least one element. Then M
contains exactly r(M) + 1 contractible elements if and only if MM(G), where G is an
outerplanar hamiltonian graph. Moreover, the set of contractible elements is the set of
edges of the inﬁnite boundary of the graph G.
The next result gives some results on the distribution of contractible elements of simple
2-connected matroids. Although (iii) and (v) can be deduced quite easily from [4] and [3],
respectively, we include them here for completeness.
Theorem 2.2. Let M be a simple 2-connected matroid with at least two elements. Then the
set of contractible elements T has the following properties:
(i) M|T is a 2-connected matroid; T is spanning in M; and E − T is an independent ﬂat
of M∗.
(ii) M|Y is 2-connected for each subset Y with T ⊆ Y ⊆ E(M).
(iii) Each cocircuit of M contains at least two contractible elements.
(iv) Each element in a largest circuit is contractible.
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(v) Each subset S of E(M) contains at least |S| − r(M) + 2 contractible elements. In
particular, each basis contains at least two contractible elements.
(vi) Each hyperplane of M contains at least r(M) − 1 contractible elements.
(vii) If M is not the cycle matroid of a Hamilton outerplanar graph, then for each circuit
C, there are at least two contractible elements not in C. Moreover, if M is the cycle
matroid of a Hamilton outerplanar graph, but C is not the inﬁnite boundary, then the
same result holds.
Clearly, (iii) and (vi) of Theorem 2.2 imply Theorem 1.2. In [2], Dean proved that the
set of contractible edges in a triangle-free k-connected graph (k2) spans a 2-connected
graph. Theorem 2.2(i) generalizes this to matroids for k=2. In Section 3, we will construct
an example to show that all the bounds given in Theorem 2.2 are best-possible.
3. Proofs
In this section, we prove Theorem 2.1 and Theorem 2.2. We ﬁrst state several lemmas
which will be needed in the proofs.
Lemma 3.1. (Oxley [4]). Let M be a 2-connected matroid having at least two elements
and let C = {e1, e2, . . . , em} be a circuit of M such that M\ei is disconnected for all i in
{1, 2, . . . , m − 1}. Then C contains a 2-element cocircuit of M.
We use C(M) to denote the circuit set of a matroid M. Let M1 = (E1,C(M1)), and
M2 = (E1,C(M2)) be two matroids with E(M1) ∩ E(M2) = {p}. Suppose p is neither a
loop nor a coloop of M1 or M2. The parallel connection P(M1,M2) of M1 and M2 with
respect to the basepoint p is deﬁned as the matroid whose circuit set is
CP = C(M1) ∪ C(M2) ∪ {(C1 − p) ∪ (C2 − p) : p ∈ Ci ∈ C(Mi) for i = 1, 2}.
If M is a parallel connection of M1 and M2, then clearly rM(X) = rMi (X) for any subset
X ⊆ E(Mi), where i = 1, 2.
Lemma 3.2. (Oxley [5, Proposition 7.1.15]). Let M1 and M2 be matroids with E(M1) ∩
E(M2)={p}, where p is neither a loop nor a coloop of M1 or M2. Let e ∈ E(M1)−p and
f ∈ E(M2) − p. Then
(i) r(P (M1,M2)) = r(M1) + r(M2) − 1.
(ii) P(M1,M2)\e = P(M1\e,M2) and P(M1,M2)/e = P(M1/e,M2).
(iii) P(M1,M2)\f = P(M1,M2\f ) and P(M1,M2)/f = P(M1,M2/f ).
Lemma 3.3. (Oxley [5, Proposition 7.1.17 (ii)]). Let M1 and M2 be matroids each hav-
ing at least two elements and E(M1) ∩ E(M2) = {p}, where p is neither a loop nor a
coloop of M1 or M2. Then P(M1,M2) is 2-connected if and only if both M1 and M2 are
connected.
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Lemma 3.4. Let M be a 2-connected matroid. Suppose that M/e = N1 ⊕ N2, where both
N1 and N2 are non-empty. Then
(i) Oxley [5, Proposition 7.1.16(ii)] M = P(M1,M2), where M1 = M\E(N1) and M2 =
M\E(N2). Moreover,
(ii) If M is simple, then both M1 and M2 have rank at least two and each has at least three
elements.
Proof. Suppose that M is simple. Then both M1 and M2 must be simple. Clearly both M1
and M2 have at least two elements. By Lemma 3.3, both M1 and M2 are connected. Thus,
both M1 and M2 have rank at least two and each has at least three elements as both M1 and
M2 are simple. 
Lemma 3.5. Let M be a simple 2-connected matroid with at least two elements. Then the
set, T, of contractible elements is spanning. Moreover, E − T is an independent ﬂat of M∗.
Proof. Clearly, E(M) − T = {e ∈ E(M) : M∗\e is not connected}. The set E(M) − T
is independent in M∗, otherwise, it contains a circuit of M∗. By Lemma 3.1, the circuit
contains a 2-element cocircuit of M∗, a contradiction as M is simple. Thus, E − T is
coindependent, we conclude that T is spanning in M. IfE−T is not a ﬂat ofM∗, then there
is an element f ∈ T such that (E(M) − T ) ∪ f contains a circuit C1 of M∗. Moreover,
for each x ∈ C1\f , the matroid M∗\x is not connected. By Lemma 3.1, we deduce that C1
contains a 2-element cocircuit of M∗; a contradiction as M is simple. 
The following is a well-known result of Tutte (see, for example, [5, Theorem 4.5.1]).
Theorem 3.6. Let M be a 2-connected matroid. Then for any element e, eitherM\e orM/e
is connected.
Proof of Theorem 2.1. Suppose that MM(G), where G is an outerplanar graph with a
Hamilton cycle C as its inﬁnite boundary. Then clearly each edge of C is contractible. As G
is outerplanar,G cannot have aK4-minor. Thus,C does not have any crossing chords. Hence
each chord is not contractible. We conclude that M(G) has exactly |V (G)| = r(M) + 1
contractible elements.
Now let T be the set of contractible elements of M and suppose that |T | = r(M)+ 1. By
Lemma 3.5, E − T is an independent ﬂat of M∗. Then r∗(E − T ) = |E − T | = |E(M)| −
(r(M) + 1) = r∗(M) − 1. Therefore E − T is a hyperplane of M∗. We deduce that T is
a circuit of M. As |T | = r(M) + 1, we conclude that T is a spanning circuit. Next we use
induction on r(M). As M is simple, 2-connected and M has at least two elements, r(M)2.
If r(M)= 2, then MU2,n for some n3. In this case, each element of M is contractible.
As |T | = 3, we conclude that n = 3 and the proposition holds. Suppose that the theorem
holds for matroids with rank less than r(M). Now we consider the case when the rank is
equal to r(M), where r(M)3. If M has exactly r(M) + 1 elements, then E(M) = E(T )
and thus, M is a circuit with r(M) + 1 elements and the theorem holds. Thus, we may
assume that M has more than r(M) + 1 elements. Let p /∈ T . As M/p is not connected, by
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Lemma 3.4, M = P(M1,M2) for some non-empty submatroids M1 and M2 of M, where
E(M1) ∩ E(M2) = {p}. Let C1 = (T ∩ E(M1)) ∪ p and C2 = (T ∩ E(M2)) ∪ p. By
Lemma 3.2,
r(M1) + r(M2) = r(P (M1,M2)) + 1 = r(M) + 1 = |T |. (1)
Claim 1. Ci is a spanning circuit of Mi for i = 1, 2.
Proof. As M is simple, by Lemma 3.4, both M1 and M2 have rank at least two and each
has at least three elements. Without loss of generality, assume that T ∩ E(M1) = ∅. If
T ⊆ E(M1), then r(M)= r(T )r(M1)= r(M)− r(M2)+ 1r(M)− 1, a contradiction.
Thus, T meets both E(M1) and E(M2). Hence Ci are circuits of Mi for i = 1, 2.We deduce
that |Ci |r(Mi)+1 for i=1, 2. By (1), |C1\p|+|C2\p|=|T |=r(M)+1=r(M1)+r(M2).
Thus,
|C1| + |C2| = r(M1) + r(M2) + 2.
Therefore, |Ci | = r(Mi) + 1 for i = 1, 2. We conclude that Ci are spanning circuits of Mi
for i = 1, 2. 
Claim 2. Mi has exactly r(Mi) + 1 contractible elements for i = 1, 2.
Proof. As M = P(M1,M2), by Lemma 3.3, both M1 and M2 are connected. For each
element e ∈ E(M1)\p, by Lemma 3.2(ii), P(M1,M2)/e = P(M1/e,M2). As both M1/e
and M2 have at least two elements, by Lemma 3.3, M1/e is 2-connected if and only if M/e
is connected. Next we show that M1/p is connected. First, by Claim 1, C1\p is a basis
of M1. Thus, rM1/p(C1\p) = r((C1\p) ∪ p) − 1 = r(C1) − 1 = r(M1) − 1 = r(M1/p).
Therefore C1\p is a spanning circuit of M1/p. Thus, E(M1/p)= clM1/p(C1\p). As M1 is
simple, we deduce thatM1/p is connected. Hence, an element e inM1 is contractible if and
only if e ∈ C1. We conclude that M1 has exactly |C1| = r(M1) + 1 contractible elements.
By symmetry, we conclude that M2 has exactly r(M2) + 1 contractible elements. 
For i=1, 2, as r(Mi)2,wededuce that r(Mi)< r(M)by (1).By induction,MiM(Gi)
for some outerplanar hamiltonian graphs Gi for i = 1, 2, where Ci is the boundary of
the inﬁnite face of Gi . As M = P(M1,M2), we conclude that M = M(G), where G is
obtained by sticking G1 and G2 along the common edge p. Clearly, G is outerplanar and
hamiltonian with C being the boundary of the inﬁnite face. This completes the proof of the
theorem. 
Proof of Theorem 2.2. (i) By Lemma 3.5, T is spanning inM andE−T is an independent
ﬂat ofM∗. Next we show thatM|T is a connected matroid. Indeed we will prove a stronger
result:
Lemma 3.7. Let e and f be any two elements of a 2-connected matroid M. Then there is a
circuit C of M containing both e and f and C − {e, f } ⊆ T .
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Proof. We use induction on |E(M)|. As M is both simple, 2-connected and has at least two
elements, we deduce that |E(M)|3. If |E(M)| = 3, then MU2,3 and thus, T = E(M),
the claim holds. Suppose the claim holds for |E(M)|<k. Now suppose that |E(M)|=k4.
If each element in E − {e, f } is contractible, the claim holds. Thus, we may assume that
there is an element y /∈ T ∪ {e, f }. By Theorem 3.6, M\y is connected. By induction, M\y
has a circuit C containing both e and f such that for each x ∈ C − {e, f }, the matroid
M\y/x =M/x\y is connected. If M/x is not connected, by Oxley [5, 8.1.10], y is a either
a loop or coloop of M/x. Since M is connected, y cannot be a coloop of M/x. Thus, y is
a loop of M/x. We conclude that x and y are in parallel, a contradiction as M is simple.
Hence x is contractible in M. Note that C is clearly a circuit of M; the proof of the lemma
is complete. 
(ii) Let T ⊆ Y . Then as T is spanning by (i), each element of Y is in the closure of T. As
M|T is 2-connected and M is simple, we conclude that M|Y must be 2-connected too.
(iii) Let C∗ be a cocircuit of M. Suppose C∗ contains at most one contractible element.
Then M∗\e is not 2-connected for all but possibly one element of C∗. By Lemma 3.1, C∗
contains a 2-element cocircuit of M∗, a contradiction as M is simple.
(iv) Suppose that C is a largest circuit and let e ∈ C. If M/e is not connected, then by
Lemma 3.4, M = P(M1,M2) for some non-empty submatroids M1 and M2 of M, where
E(M1) ∩ E(M2) = {e}. As e ∈ C, either C ⊆ E(M1) or C ⊆ E(M2). Without loss of
generality, we assume that the former occurs. As M is simple, by Lemma 3.4, both M1 and
M2 have rank at least two and both matroids have at least three elements. Moreover, M2 is
2-connected by Lemma 3.3. Let D be a circuit of M2 containing e. Then |D|3 as M is
simple. Now (C ∪ D)\e is a circuit of M by the deﬁnition of parallel connection. This is a
contradiction as |(C∪D)\e|=|C|+|D|−1> |C|. Thus, each element of C is contractible.
(v) Suppose that a subset S contains at most |S|−r(M)+1 contractible elements. ThenM
has at most (|E(M)−S|)+ (|S|−r(M)+1)=|E(M)|−r(M)+1 contractible elements, a
contradiction to Theorem 1.1. In particular, each basis B contains at least |B|−r(M)+2=2
contractible elements. This proves (v).
(vi) Next we show that each hyperplane of M contains at least r(M) − 1 contractible
elements. We use induction on |E(M)|. As M is both simple and connected, |E(M)|3
and r(M)2. If |E(M)| = 3, then MU2,3. Then each hyperplane contains r(M)− 1= 1
contractible element and the result holds. Now suppose that |E(M)| = k4 and the result
holds for simple 2-connectedmatroids with less than k elements. If r(M)=2, thenMU2,n
for some n4, and the result holds. Thus, we may assume that r(M)3. Let H be a
hyperplane of M and C∗ = E(M) − H . Then C∗ is a cocircuit. By (v), H contains at least
|H |− r(M)+2r(M)−1− r(M)+2=1 contractible element. Let e be such an element.
Let si(M/e) denote the simple matroid associated with M/e. Let C∗1 = C∗ ∩ E(si(M/e))
and H1 = H ∩ E(si(M/e)). Then clearly C∗1 is a cocircuit and H1 is a hyperplane of the
connectedmatroid si(M/e). By induction,H1 contains at least r(si(M/e))−1=r(M/e)−1
contractible elements of si(M/e).
Case 1: Each contractible element of si(M/e) in the set H1 is also contractible in M.
Then H ⊇ H1 has at least (r(M/e) − 1) + 1 = r(M/e) = r(M) − 1 contractible elements
of M, as required.
Case 2: There exists an element f ∈ E(H1), such that f is contractible in si(M/e), but not
contractible in M. As f is not contractible in M, we deduce that M = P(M1,M2) for some
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2-connected non-empty restrictions M1 and M2 of M, where E(M1)∩E(M2)={f }. As M
is simple, by Lemma 3.4, both M1 and M2 have at least three elements and each has rank at
least two.Without loss of generality, assume that e ∈ E(M2). Next we show thatM2U2,k
for some k3. If M2 has exactly three elements, then as M2 is connected, M2U2,3.
Suppose that M2 has at least four elements. By Lemma 3.2(iii), M/e = P(M1,M2/e).
As M is simple and e ∈ E(M2)\f , all triangles containing e must be in E(M2). Thus,
si(M/e) = P(M1, si(M2/e)). Let a = e be any element of E(M2). If {e, f, a} is not a
triangle of M, then si(M2/e) has at least two elements, namely, a and f. As si(M/e) =
P(M1, si(M2/e)), where E(M1)∩E(si(M2/e))={f }, we conclude that si(M/e)/f is not
connected, a contradiction as f is contractible in si(M/e). Therefore, M2U2,k for some
k3. By Lemma 3.2(i),
r(M) = r(M1) + r(M2) − 1 = r(M1) + 2 − 1 = r(M1) + 1.
Next we show that H − Y is a hyperplane of M1, where Y = E(M2) − f . Let B be a
basis of H − Y containing f. Then B ∪ e spans H as M2U2,k . As e /∈ cl(B), we conclude
that B ∪ e is a basis of H. Thus, r(H − Y )+ 1= |B ∪ e| = r(H)= r(M)− 1= r(M1). We
deduce that r(H − Y ) = r(M1) − 1. If H − Y is not a ﬂat in M1, then there is an element
x ∈ E(M1) − H and a circuit Cx of M1 such that x ∈ Cx ⊆ (H − Y ) ∪ x. As Cx is also a
circuit of M and H is a ﬂat of M, we conclude that x ∈ H , a contradiction. HenceH −Y is a
hyperplane ofM1.AsM1 is a 2-connected simple matroid having at least three elements, by
induction, H −Y contains at least r(M1)− 1= r(M)− 2 contractible elements of M1. For
each contractible element c of M1, where c = f , by Lemma 3.2(ii), M/c=P(M1/c,M2).
As M1/c is connected, by Lemma 3.3, we conclude that M/c is connected. Thus, H − Y
contains at least (r(M1)− 1)− 1= r(M)− 3 contractible elements of M. As M2U2,k for
some k and Y = E(M2) − f , we conclude that Y contains k − 12 contractible elements
of M2. Using Lemma 3.2(iii) and Lemma 3.3, it is easy to show that each element of Y is
contractible in M. Note that Y ⊆ E(H), we conclude that the hyperplane H contains at
least (r(M) − 3) + 2 = r(M) − 1 contractible elements of M. This proves (vi).
(vii) First suppose that M is not the cycle matroid of a Hamilton outerplanar graph. Let
C be a circuit of M. By Theorem 1.2, M has at least r(M) + 1 contractible elements. By
Theorem 2.1, as M is not the cycle matroid of a Hamilton outerplanar graph, M has at least
r(M) + 2 contractible elements. Suppose that E − C has t contractible elements where
t1. Then |C| + tr(M) + 2. Hence |C|r(M) + 2 − tr(M) + 1. We conclude that
|C| = r(M) + 1 and t = 1. Thus, if C is a circuit of M such that E(M) − C has at most
one contractible element, then C is spanning, each element of C is contractible, and M
has exactly r(M) + 2 contractible elements. Choose a matroid M with this property so
that M is not the cycle matroid of a Hamilton outerplanar graph and |E(M)| is minimum.
Let e be a contractible element of E(M) − C and let f be a non-contractible element.
Then by Lemma 3.4,M =P(M1,M2) for two 2-connected submatroidsM1 andM2, where
E(M1)∩E(M2)={f }. Moreover, bothM1 andM2 have rank at least two and both matroids
have at least three elements. Let C1 = (C ∩E(M1))∪ f and C2 = (C ∩E(M2))∪ f . By a
similar argument to Claim 1 in the proof of Theorem 2.1, we can show that both C1 and C2
are spanning circuits of M1 and M2, respectively. Without loss of generality, suppose that
e ∈ E(M2). By a similar argument to that in the proof of Claim 2 in Theorem 2.1, we can
show that one of M1 and M2, say, M1 has exactly |C1| = r(M1) + 1 contractible elements
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Fig. 1.
and M2 has exactly |C2| + 1 = r(M2) + 2 contractible elements and each element of C2 is
contractible in M2. By Theorem 2.1, M1 is the cycle matroid of a hamiltonian outerplanar
graph. By the choice of M, M2 is the cycle matroid of a Hamilton outerplanar graph. We
conclude that M is the cycle matroid of a Hamilton outerplanar graph, a contradiction.
Now suppose that M is the cycle matroid of a Hamilton outerplanar graph, but C is not
the inﬁnite boundary. Then clearly, C misses at least two edges in the inﬁnite boundary,
which is the largest cycle of G. By (iv), each edge in a largest cycle is contractible. Thus,
there are at least two elements not in C which are contractible. This completes the proof of
(vii) and thus the proof of the theorem. 
Let M = M(G), where G is shown in Fig. 1(a). Take a largest cocircuit C∗ and let
H = E(M) − C∗. Then C∗ is also a basis. It is easy to check that the bounds in Theorem
2.2(iii), (v) and (vi) are best-possible. By taking C as a Hamilton cycle of the graph in
Fig. 1(b), it is easy to check that the bound in (vii) is also best possible.
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